Compact steady-state and high-flux Falcon ion source for tests of plasma-facing materials Rev. Sci. Instrum. 83, 083501 (2012) The effect of the inductive electric field of a tokamak on the parallel ͑and poloidal͒ ion flow in the banana regime is evaluated. It is demonstrated that the flow is in the direction of the parallel current and is surprisingly large-comparable to the usual banana regime ion temperature gradient drive.
I. INTRODUCTION
Recent observations of strong toroidal ion flows in Alcator C-Mod during Ohmic operation 1 have motivated us to consider the effect of the inductive electric field in a tokamak on the parallel and poloidal flow of ions. Typically the observed toroidal flows are about a tenth or less of the ion thermal speed and are in the direction of the plasma current ͑that is, co-directed͒ for high confinement ͑H-mode͒ operation. In neoclassical theory the influence of the inductive parallel electric field on ion transport is invariably ignored. This neglect decouples the ions from the electrons and is normally referred to as the ''weak coupling approximation.'' 2 Because the role of the inductive electric field on ion transport is expected to be weak, its impact on ion flow in tokamaks has been assumed to be insignificant as well. However, in what follows we will demonstrate that this is not the case. Indeed, we will show that in the banana regime the inductive electric field can drive parallel and poloidal ion flow comparable to the usual ion temperature gradient flow of neoclassical theory. 2, 3 It is important to remember, however, that the inductive electric field is not a source of toroidal momentum in a quasi-neutral plasma since it does not explicitly enter the total conservation of toroidal angular momentum equation which determines the radial electric field. Therefore, any inductively driven toroidal flow acts to alter the relation between the radial electric field and toroidal rotation and is not a complete explanation of the Alcator C-Mod observations.
In a plasma with no parallel variation of the magneticfield strength, for example, a straight circular cylinder with helical field, the parallel electric field, E ʈ , does not impose any ion flow constraint because the electric field force acting on the ions is exactly balanced by the collisional friction with the electrons. The parallel ion flow is then indeterminate in this classical case; it is not connected with E ʈ .
Neoclassically, however, in a magnetic-field configuration such as a tokamak, with field magnitude variation, the parallel electric field force on the trapped electrons is balanced not by friction, but by the mirror force. The consequence of this mirror force is the Ware-Galeev trapped particle pinch, 4, 5 and, of course, the neoclassical reduction in conductivity. 2, 3 The passing electrons have their electric field force balanced by collisional friction. We denote the fraction of the parallel electric field force on the total electron population that is balanced by friction with the ions as I: The effective passing fraction. The ions, therefore, experience an average parallel force per unit charge E * ϳE ʈ (1ϪI) consisting of the difference between the direct electric field force, E ʈ , and the electron friction, E ʈ I. In equilibrium the total force E * on both the trapping and passing ions must be balanced by the mirror force on the trapped ions, and when it is, the Ware-Galeev pinch of the ions will exactly equal that on the electrons, maintaining ambipolarity. The passing ions transfer the force E * to the trapped ions by collisions and they balance it with the mirror force. In order that the mirror force on the ions has its correct value, the ions must adopt a flow with a specific mean parallel velocity V ʈ i . A rough estimate of its magnitude may be obtained as follows.
The passing ions ͑mass M, charge Ze, and mean velocity V p ͒ transfer their momentum per particle M V p to the stationary trapped ions at a rate of approximately (1ϪI) ii , where
ii is the ion-ion collision frequency and the trapped ion fraction is taken as 1ϪI. Therefore, the drag force per unit charge on the passing ions is M V p (1ϪI) ii /Ze. Setting this equal to E * , and noting that the average parallel ion velocity,
Notice that the parallel ion flow V ʈ i is codirected and that in the absence of trapped particles (Iϭ1) is undetermined. Rewriting for I 1, we obtain the parallel ion flow estimate
Of course the coefficients in this equation based on a heuristic derivation are not quantitatively reliable. The purpose of the present work is to perform a full kinetic theory calculation of this effect and to show that its magnitude is significant.
In Sec. II we solve a model ion kinetic equation 6, 7 to evaluate the effect on the ions of an unbalanced parallel electric field and parallel friction between the ions and electrons. More sophisticated ion-ion collision operators 8 giving slightly different numerical factors are considered in Appen-dix A. Section III solves a model electron kinetic equation to determine the relation between the parallel electric field and the ion-electron friction and demonstrates that this relation is related to the usual inward Ware-Galeev trapped particle pinch. At first only ion charge numbers much greater than unity (Zӷ1) are considered in Sec. III for simplicity. However, the result for large aspect ratio and general Z is then obtained from standard neoclassical results and Appendix B considers arbitrary aspect ratio and Z. The parallel and poloidal ion flow is evaluated in Sec. IV and we conclude with a discussion in the last section.
II. ION KINETIC EQUATION AND SOLUTION
To focus on the inductive electric field effects on the ions we ignore the usual ion temperature drive of standard neoclassical theory and solve for the ion response by considering the reduced linearized ion kinetic equation
where f 1 j is the perturbed distribution function of species j and C ii is the linearized ion-ion collision operator. The ion charge is Ze,nϭB/B is the unit vector along the magneticfield B, the parallel velocity is v ʈ ϭ(v 2 Ϫ2B) 1/2 with v the speed, and the gradient is taken with the magnetic moment ϭv Ќ 2 /2B held fixed. The quantity E * is defined as
with E ʈ the parallel electric field, and the parallel friction between the electrons and ions is defined by
͑3͒
The unperturbed ion distribution function f 0i is Maxwellian
͑4͒
with N i and T i the ion density and temperature, and M the ion mass. The electron density is N e and m is the electron mass, and quasineutrality requires N e ϭZN i . In the banana regime n•ٌ f 1i ϭ0 to lowest order. To next order we annihilate the streaming term by multiplying by B/(v ʈ B•ٌ) with the poloidal angle, and integrating over a full poloidal circuit ͑a full bounce for the trapped and 2 for the passing͒. Defining dϭdB/v ʈ B•ٌ as the incremental time along the trajectory, the resulting constraint equation to be solved becomes
͑5͒
For the trapped ͑subscript t͒ ions ͛dv ʈ E * ϭ0, while C ii is even in v ʈ so that
For the passing ͑subscript p͒ the orbit average is equivalent to a flux surface average and Eq. ͑5͒ may be rewritten as
Notice that in the banana regime the solution for f 1i is odd in v ʈ , while its next order correction in collision over transit frequency is even in v ʈ . The Bv ʈ moment and flux surface average of Eq. ͑1͒
places a constraint on this next order even solution.
To illustrate the solution of Eq. ͑7͒ we consider the Kovrizhnikh model like-particle collision operator, which retains pitch angle scattering and conserves momentum as well as energy and number ͓see Appendix A of Ref. 6 or Ref.
7, for example͔; namely
where
is the error function,
Employing Eq. ͑8͒ and defining
͑12͒
Integrating from ϭ0 to gives
Using Eqs. ͑6͒ and ͑13͒ to evaluate Y gives
where the effective fraction of passing particles 3 is
with R/R 0 ϭB 0 /Bϭ1ϩ cos , ϭ2/v 2 a pitch angle variable, and ϭr/R 0 the inverse aspect ratio. The expression on the far right-hand side of ͑15͒ is the lowest order result for circular flux surfaces and large aspect ratio; the integral form is valid for general geometry. In the next section we will show that E * ϭ0 in the cylindrical limit ϭ0, so that in this limit Y is unconstrained by Eq. ͑14͒. As a result, Y is free to adjust to conserve parallel momentum when the cylindrical limit of Eqs. ͑7͒ and ͑8͒ is considered.
Using Eq. ͑14͒ we can evaluate Eq. ͑11͒ and thereby rewrite Eq. ͑13͒ as
can then be used to evaluate the parallel ion flow
to find
where we define
and, upon evaluating, obtain the coefficients ͗͗Q͘͘ϭ0.4 and ͗͗Q Ϫ1 ͘͘ϭ5.4. Of course, the coefficients ͗͗Q͘͘ and ͗͗Q Ϫ1 ͘͘ are sensitive to the details of the model ion-ion collision operator employed. In Appendix A the more sophisticated model collision operators of Hirshman and Sigmar 8 are used to obtain the same result to within about 10% as shown in Fig. 1 , which plots
versus I. In Fig. 1 , Eq. ͑18͒ results in the upper curve, the full Hirshman-Sigmar operator gives the lower curve, and the middle curve is obtained from the lowest order HirshmanSigmar operator.
III. ELECTRON KINETIC EQUATION AND SOLUTION
To determine the relation between the parallel electric field and the electron-ion friction, that is, E * , the electron kinetic equation must be solved. Again, we keep only the inductive parallel electric field as the drive so we need only consider
where C ee and C ei are the electron-electron and electronion collision operators, and f 0e is a Maxwellian with T e the electron temperature
To solve Eq. ͑21͒ and evaluate the parallel electron-ion friction from Eq. ͑3͒ it is convenient to introduce the Spitzer function f 1s which is the solution of 2,9
where L ei is the Lorentz operator
with ei ϭ ee Z/x 3 and ee ϭ2 
where we make use of
͑25͒
From this form we see that the V ʈ i term in the Lorentz operator is negligible since it will result in corrections to Eq. ͑18͒ on the order of (m/M ) 1/2 . Interestingly, the V ʈ i correction in Eq. ͑25͒ and the usual pressure and temperature gradient terms, which are of the same order, are responsible for the weak coupling corrections to the heat and particle fluxes estimated in Table IV of Ref. 2. However, the modification of the parallel ion flow due to the inductive electric field is not considered there.
To determine f 1e we must solve the electron kinetic equation ͑written in terms of the Spitzer function͒ In the banana limit n•ٌ f 1e ϭ0 to lowest order, while annihilating the streaming term to next order gives the constraint equation
where, as in Eq. ͑5͒, the time integral is over the closed periodic motion. For the trapped electrons ͛dL ei ͕ f 1s ͖ϭ0
To illustrate simply the evaluation of E * we consider the Z ӷ1 limit so electron-electron collisions can be ignored in evaluating the passing electron response. As a result, the Spitzer function is simply
and the passing electron constraint becomes
‫ץ‬ ʹͪ ϭ0.
͑30͒
Integrating Eq. ͑30͒ from ϭ0 to and inserting Eq. ͑29͒ gives the passing electron response
͑31͒
Inserting Eqs. ͑28͒, ͑29͒, and ͑31͒ into Eq. ͑24͒, performing the integrals, and multiplying by B and flux surface averaging gives ͗BE * ͘ϭ͑1Ϫ1͒͗BEʈ͘,
͑32͒
where I is defined as in Eq. ͑15͒. Notice that E * ϭ0 for ϭ0 so that the parallel electric field and parallel electronion friction balance in a cylinder as required. Moreover, the solution for f 1e is odd in v ʈ , while its next order in collision over transit frequency correction is even in v ʈ and must satisfy the constraint placed on it by Bv ʈ moment and flux surface average of Eq. ͑26͒ eN e ͗BE * ͘ϭm͗͐d
The result ͑32͒ can be obtained for large aspect ratio by considering the moment expression for the particle flux ⌫ obtained by forming the mcRB T v ʈ /eB moment of Eq. ͑25͒ Repeating the alternative banana regime derivation of Eqs. ͑33͒ and ͑34͒ with the variationally determined transport coefficients for arbitrary Z and large aspect ratio 2 gives the relation between ͗BE * ͘ and ͗BEʈ͘ to be ͗BE * ͘ϭ1.46͓1ϩ͑0.67/Z͔͒ 1/2 ͗BEʈ͘.
͑37͒
In this limit electron-electron collisions enhance the ion flow by the factor ͓1ϩ(0.67/Z)͔, which agrees with Eq. ͑36͒ for Zϭ1 and ϱ; the slight disagreements at intermediate Z are because of our use of a model like particle collision operator to obtain Eq. ͑35͒.
IV. PARALLEL AND POLOIDAL ION FLOW
To determine the parallel ion flow we need only insert Eq. ͑33͒ into Eq. ͑18͒   FIG. 2 . The enhancement factor L in Eq. ͑35͒ due to electron-electron collisions plotted vs I for Zϭ1, 2, and 4 for the model operator of Eq. ͑8͒.
͑38͒
The ion-ion collision frequency in Eq. ͑38͒ and elsewhere is 3(2) , and T i ϭ1 keV, we find
Ϫ2 ; reasonably close to the magnitude of the flows observed in C-Mod. 1 The flow we have calculated should be added to the usual neoclassical expression for the parallel velocity 2, 10 to obtain
where B p is the poloidal magnetic field and we have taken Zϭ1. In fact, our new term is an addition to the poloidal flow, normally represented by just the ion temperature gradient term, which now becomes
͑41͒
It is, therefore, perhaps of most interest to compare the inductive velocity with that caused by ion temperature gradient, V ʈ T ϭϪ1.17(1Ϫ0.67
, where L T is the ion temperature gradient scale length and the coefficient 1.17(1Ϫ0.67 1/2 ) is appropriate for the poloidal flow in the banana regime. 10 Assuming the current is inductively driven, ignoring bootstrap currents, the electric field is directly related to the parallel current J ʈ as evaluated in Appendix B and given by Eqs. ͑B7͒ and ͑B8͒
where r is the minor radius. In writing Eq. ͑42͒ we have used Zϭ1, and kept 1/2 corrections to L, Eq. ͑B8͒, and Eq. ͑38͒
with the numerical values of ͗͗Q p ͘͘ inserted. The coefficient of the 1/2 correction in Eqs. ͑39͒ and ͑42͒ is reduced by 0.6 if the full Hirshman-Sigmar result of Eq. ͑A13͒ is employed. Here the factor 2rJ ʈ /cB p is a measure of the current density profile, equal to unity for uniform current. At the halfradius point L T /r and T i /T e may typically also be approximately one. The quantity ␤ pe ϭ8N e T e /B p 2 , which is the poloidal beta accounting only for electron pressure, is typically about 0.25 in Alcator C-Mod cases. Taking ϭ1/3, the combination of these factors is enough to counterbalance the mass ratio factor, leading to V ʈ i /V ʈ T ϳ0.6 for deuterium. Thus, the inductive electric field velocity is comparable to the accepted neoclassical poloidal rotation term, and this is likely to be true in any tokamak with inductive current drive in the banana regime. The only situation in which the temperature gradient term is likely to be completely dominant is in extremely high poloidal beta plasmas, or in transport barriers where L T Ӷr.
Although the effect we have calculated is of comparable magnitude to the experimentally observed toroidal flow, and in the same direction ͑co-current͒, it does not represent a source or transport of toroidal momentum itself. Its main effect, therefore, is not to cause toroidal rotation but to change the relationship between the radial electric field and the toroidal velocity. 11 In other words, if E ʈ were turned off ͑which it could perhaps be by noninductive current drive͒, then the radial electric field would be forced to change if the toroidal ͑and hence parallel͒ velocity remained constant. In practice this means that the relationship between measurements of parallel velocity and radial electric field needs to be corrected for this parallel electric field effect on ion velocity.
An experimental test of the validity of the neoclassical theory, including this new term, requires a measurement of poloidal velocity, and specifically the velocity of the bulk ions. There do not seem to be sufficient experimental data yet to perform this detailed test, although considerable information is available on impurity velocities in the Tokamak Fusion Test Reactor ͑TFTR͒ ͑see the Appendix of Ref. 12͒ and the DIII-D tokamak. 13 Electrostatic potential measurements were performed in the Texas Experimental Tokamak ͑TEXT͒, 14 but in the plateau regime where the 1.17 in the temperature gradient coefficient must be replaced by Ϫ0.5 and where we expect the inductive velocity to be substantially smaller because the trapped particles are collisional and reduce E * below the banana level.
V. CONCLUSIONS
We have evaluated the effect of the inductive electric field of a tokamak on the parallel ion flow in the banana regime and demonstrated that it is surprisingly large and quantitatively important. Moreover, we have shown that the parallel ion flow that arises in a torus in response to E ʈ does not vanish in the limit of small inverse aspect ratio, Ӷ1. As so often is the case in neoclassical theory, →0 is a singular limit. Prior neoclassical treatments have invariably neglected the response of the ions to the inductive electric field and thereby ignored its effect on the poloidal ion flow. This weak coupling assumption is thought to be valid for evaluating transport coefficients, 2 but our results lead us to conclude that it is not well satisfied for evaluating the poloidal ion flow. As a result, the inductive electric field modification to the poloidal ion flow that we evaluate here should be added to the usual banana regime ion temperature gradient drive.
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APPENDIX A: IMPROVED ION-ION TREATMENTS
The model collision operator, Eq. ͑8͒, used in the main text is a convenient operator, with appropriate conservation properties. 6, 7 It permits a complete analytic solution of the bounce averaged ion kinetic equation, Eq. ͑7͒. This model operator describes pitch angle scattering with the correct collisional rate v, but it replaces the rest of the Fokker-Planck operator by a simple heuristic momentum conserving term. Hirshman and Sigmar 8 have, however, improved on this model and developed a systematic approach to generating similar approximations to the Fokker-Planck collision operator. Their operators take account of the differing rates for pitch angle scattering, slowing down, energy diffusion, etc. For linear problems in which the drive in the kinetic equation is odd in v ʈ , their operators are also relatively simple and reduce the solution of Eq. ͑7͒ to a simple linear algebra problem of modest dimensions. Applied to the classical Spitzer problem, 2,9 the Hirshman-Sigmar operator, which we will use in this appendix, has been shown to be accurate to better than 1%. 8 It has also been shown to give accurate results for neoclassical resistivity in the large aspect ratio limit ( →0). Since its derivation is independent of any geometrical simplifications, its use in neoclassical problems is not restricted to the large aspect ratio limit, and there is reason to expect that it will also yield accurate results at finite aspect ratio.
The operator consists of a Lorentz, pitch angle scattering, part, together with four separate momentum conserving contributions
Using Eqs. ͑A4͒ and ͑A5͒ the parallel ion flow velocity can also be obtained in terms of ͗eBE * /M ͘ and the moments ͗Bu(x)͘, ͗Bs͘, ͗Bh͘, and ͗Bk͘. Eliminating ͗Bu(x)͘ from this expression gives
Finally, solving the 3ϫ3 matrix problem for ͗Bs͘, ͗Bh͘, and ͗Bk͘ and substituting the results into the preceding expression for V ʈ i we obtain an expression for the ion flow as a function of ͗BE * ͘/ ii and I, the fraction of passing ions.
Using the lowest order Hirshman-Sigmar approximation, which retains only the u(x) and s momentum conserving terms (hϭ0ϭk), the result is
͑A9͒
while a more complicated expression is obtained when the full Hirshman-Sigmar operator is used. In the above expression all the ␤ coefficients are functions of the circulating particle fraction I and must be calculated numerically. The ␣ coefficients are numerical. The normalized ion flow
has been calculated over the complete range 0ϽIϽ1, for both the lowest order Hirshman-Sigmar operator and the full Hirshman-Sigmar operator. The results are shown in Fig. 1 ) at large aspect ratio.
